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REGULARITY PROPERTIES OF COMMUTATORS AND
LAYER POTENTIALS ASSOCIATED TO THE HEAT EQUATION

JOHN L. LEWIS AND MARGARET A. M. MURRAY

ABSTRACT. In recent years there has been renewed interest in the solution of
parabolic boundary value problems by the method of layer potentials. In this
paper we consider graph domains D = {(x, ¢): x > f(¢)} in %2 , where the
boundary function f isin [, /Z(BMO) . This class of domains would appear
to be the minimal smoothness class for the solvability of the Dirichlet problem
for the heat equation by the method of layer potentials. We show that, for
1 < p < oo, the boundary single-layer potential operator for D maps L’ into
the homogeneous Sobolev space I, /Z(Lp ) . This regularity result is obtained by
studying the regularity properties of a related family of commutators. Along the
way, we prove LP estimates for a class of singular integral operators to which
the T1 Theorem of David and Journé does not apply. The necessary estimates
are obtained by a variety of real-variable methods.

1. INTRODUCTION

In recent years, there has been considerable interest in extending the method
of layer potentials—which has proved so successful in the solution of elliptic
boundary value problems—to the solution of parabolic boundary value prob-
lems. Fabes, Riviere, and Brown have established existence, uniqueness, and
regularity results for the initial-Dirichlet and initial-Neumann problems in C !
and Lipschitz cylinders [FR, Brl, Br2]. These domains have boundaries which
are minimally smooth in the spatial variable, but essentially flat with respect to
time. Numerous authors have been concerned with the solution of parabolic
problems in domains where the time dependence is also somewhat ‘rough.’
Specifically, Kaufman and Wu in a series of papers, and Lewis and Silver
(see [KW, LeS] for references) have considered domains D = {(x, ¢): x >
f(n} c %’ , where f is a real-valued continuous function with compact sup-
port. Homogeneity considerations would suggest that f must satisfy a half-
order smoothness condition in time in order to insure solvability of the Dirich-
let problem for the heat equation in D . Kaufman-Wu showed that f € Lip, P
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is not a sufficient condition for the absolute continuity of caloric measure with
respect to Lebesgue measure. Lewis-Silver obtained a somewhat stronger Dini-
type condition on f, which ensures both the absolute continuity of caloric
measure and the solvability of the L”-Dirichlet problem for the heat equation
in terms of a double-layer heat potential when 1 < p < oo. In particular, the
Dini condition on f ensures the L? boundedness of certain commutators with
fractional differentiation which are closely related to the double-layer potential
and, as a corollary, the L? boundedness of the double-layer potential itself.
Because there would appear to be no readily available Rellich-type formula for
8D, the inversion of boundary potentials is carried out using Neumann series;
thus much of the hard work of the proof goes into the L” estimates for the
commutators.

By virtue of the work of Murray on the L? boundedness of fractional differ-
entiation commutators [Mul, Mu2], the work of Lewis-Silver may be extended
to a class of domains of intermediate smoothness. Specifically, f € I, /Z(BMO)
(the image of BMO under the half-order Riesz potential) is a necessary and
sufficient condition for the L* boundedness of the commutators associated to
the double-layer heat potential [Mul]. The condition f € I, /2(BMO) implies
f € Lip, /29 and is implied by the Dini condition of Lewis-Silver. It seems likely
that the class of /| /Z(BMO) domains in R’ is the minimal smoothness class
for solvability of the Dirichlet problem in L’ by the method of layer potentials;
although in general, inversion is still a problem.

In this paper, we consider the regularity properties of the single-layer heat
potential operator in I, /Z(BMO) domains by studying the regularity properties
of a related class of fractional differentiation commutators. A summary of our
results is as follows. Recall that the fundamental solution for the heat equation
in %% is given by
(1.1) W(x, 1) = (4nt)” 2 exp(—x/40)x,5 o) (0)-

Let f be a compactly supported function in [, /Z(BMO) and let F € Lf(R)

for some p € (1, o). The single-layer potential of F for the interior of D is
defined, for x > f(¢) and t € R, by

R t
(1.2) S'F(x,t) =/ W(x - f(s),t—s)F(s)ds.
The boundary single-layer potential of F is defined for 1 € R by

(1.3) S”F(t):/_' W(f(t) - f(s), t — s)F(s)ds.

We want to show that S” maps L”(R) boundedly into I, (L7 (R)), the ho-
mogeneous Sobolev space given by the image of L” under the half-order Riesz
potential [, 2 To do this, we begin by studying a closely related family of
commutators.
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For a € (0, 1) define the operator K by

oo _ 2
(1.4) K g(t) = p.v. / () - f0))°

—oo |S—t‘l+a

g(s)ds;

K is, formally, the commutator [f, [f, I_,]]. The results in [Mu2] show
thatif 1 <p < oo and f €I, ,(BMO), then K, is bounded on L?(R). For
1 < p < oo, we show that under the stronger hypothesis that f € I (BMO), K
actually maps L”(R) into L’ (m)nla(L" (R)) . The proof proceeds via a series of
steps. First, we show that for p > 2, K maps L? into the homogeneous Besov

space By . For p=2, B} = 1 (L%, so that we obtain the desired result for
p = 2. Next, we show that the operator D“Ka isboundedon L?, 1 <p <0,
where D* is a formal inverse for I,. The operator D"Ka does not satisfy
the hypotheses of the T1 Theorem of David and Journé [DJ}; the proof of L”
boundedness relies upon the L? result together with the commutator results of
Murray [Mul, Mu2] and a variety of real-variable methods. We then deduce
that K, maps L” into L’nI (L"), and indicate how the proof may be extended
to show that S° maps L’ into I(L").

The authors wish to thank Russell Brown, Eugene Fabes, and Gregory Ver-
chota for helpful discussions on the subject matter of this paper—but more
importantly, for their role in introducing each of us to the other’s work on this
and related topics.

2. NOTATION AND PRELIMINARIES

For functions ¢ in the Schwartz class . = .%(R) we define the Fourier
transform according to the normalization

2.1) 36 = | e o

R
and we define the Riesz potential operator of order « € (0, 1) by setting
(2.2) (I,$)"(©) = 1E17"$(&)-

Properties of the Riesz potentials are discussed in detail in [BL, Chapter 6; St,
Chapter 5]. The space BMO of functions of bounded mean oscillation is the
Banach space of functions (modulo constants) satisfying

2.3)  |bll, = sn;p|1|_l /Ilb(x) —m,(b)ldx < oo, m,(b) = N /Ib,

where the supremum in (2.3) is taken over all intervals 7.

The space I (BMO) is the image of BMO under the Riesz potential [_;
characterizations of this BMO Sobolev space may be found in [Str] (see also
[Mul]). In particular, it is not difficult to see that I (BMO) is a space of func-
tions (modulo constants), properly contained in the space of Lipschitz functions
of order a.
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If f=1,(b), with b e BMO, then ||f]|,;,; < c,lIbll,, where c, depends
only upon «, and

lf(x) =W
2.4 . =S T —a_ -
(2.4) 1 i, o T
Moreover, the measure
(2.5) du(x,t) = [+ 1) — flx l dxdt
|t|l+2a

is a Carleson measure on mi ={(x,t): x € R, t >0}, with norm < callbllf
(cf. [Str, Theorem 3.3]). We note also the proper inclusion Lipﬂ c I (BMO)
for 1 > B > a > 0 (see [Str, Theorem 3.4] together with [St, Proposition 10,

p. 153]).
The homogeneous Besov spaces may be given numerous equivalent charac-
terizations (see [BL, St]). For our purposes we define, for @ € (0, 1) and
€ (1, 00), the homogeneous Besov space B;‘p to be the space of distributions

¢ € &' (modulo constants) satisfying

26 Wl = ([ [0~ ()Iph_'_padhdt)l/p<oo.

For p > 2, we have the proper inclusion Ia(L" ) C while for p < 2 the

pp ’
proper inclusion is reversed: B;p CI(L°). For p=2, I (L 2 = Bj,. The

(nonhomogeneous) Besov space B, is simply B;p N L?; the norm on B is
just the sum of the B;p and L? norms.
The following result is crucial to all of our work:

Commutator Theorem. Suppose that o € (0, 1), f=1(b), b € BMO. Let k
be a positive integer, and let C, denote the operator

k
2.7) C.g(t)= £l_i'l(1)1+ C, .&(t) = lim Mg(s)ds

e=0+ Jis—r>e  |§ — t|l+ka
with associated maximal operator
(2.8) Cy (1) = sup|C, (1),
e>0
Then C,, C; are bounded on L*(R) for 1 <p < oo, and

(2.9) ICeell, 1ICcell, <c, Il IIfIIL,p &1l

where Cop depends upon o, p but not upon k, g, f.

The estimate (2.8) for C, was obtained in [Mul] for k = 1, p = 2, and
in [Mu2] for k > 2, p = 2. These L* estimates may also be obtained by a
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relatively straightforward application of the T1 Theorem of David and Journé
[DJ]. Furthermore, it is easily seen that, for all k, the kernel
k
(2.10) Ay(s, = L =SW)
s — o7
of C, satisfies the standard estimates

k —
(2.11) (s, DL < N1l Is =17

k —1-
(2.12) |4 (s, 1) = A (s, )] < kca”f”Lipult - tolals = Lol *
for 2|t — )] < |s — 1.

From these estimates, together with the L? result for C , it 1s easy to obtain,

first, the L? estimate for C ,: , and then the weak-type (1, 1) estimates for C,
and C,: (see [T, Chapter 11] or [St, Chapter 2]).

The LP estimates for C, and C,’: now follow by interpolation; to ob-
tain constants independent of k, observe that A, is nonnegative and that

|4, (s, 1)] < ||f||'£i;2A2(s, t) for k > 2. We remark that all of these results
continue to hold wlalen, for k> 1, we replace A, (s, t) by sgn(s — )4, (s, ).

We conclude this section with a general remark on notation. We use the
lowercase letter ‘c’ to denote a constant, not necessarily the same at each oc-
currence; when ¢ depends explicitly on a particular quantity, the dependence
will be indicated by a subscript (e.g., ¢, in (2.12) depends only upon «). If the
dependence of the constant is absolutely clear from the context, the subscript
will be deleted.

3. BESOV SPACE RESULTS

Throughout this section, we shall assume that f satisfies the hypotheses of
the Commutator Theorem, i.e., f € I (b) for some function b € BMO. In
particular, this implies that f € I /Z(BMO) , so that the operator K_, given by

© (f(s) = f(1))

t|1+a

(3.1) K g(t) = / g(s)ds

—o00 IS -
is actually bounded on Lf, 1 < p < co. We shall often suppress the subscript,
referring to K simply as K, and we shall denote the kernel of K by B,(s, f);
clearly B,(s, 1) =|s —t|"4,(s, 1).

The main result of this section is
Theorem 1. For every a € (0, 1) and p € [2, ), there is a constant ¢ = Cyp
such that

(3.2) 1K, 8l < CllengHp
forall g € L*(R) and b € BMO such that f=1(b).

The proof of Theorem 1 relies upon the Commutator Theorem together with
the following elementary lemma:
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Lemma 3.1. Forall y, M, >0, there is a constant ¢ = ¢, u, such that

M,h

(3.3) / ’ W NFu+t+h)|du<chF*t+h),
0

(3.4) / w T\ Fu+t+h)du<ch 7 F*(t+h)
Myh

for every t € R, h >0, and F € Lloc( ), where F* denotes the Hardy-
Littlewood maximal function of F .

Proof of Lemma 3.1. For each integer k, let J, = [2”k”lM0h , Z—kMOh]. Then

M,h 00
(3.5) / ’ u7—1|F(u+t+h)|du=Z/ uy_1|F(u+t+h)|du
0 J

and
=—1
(3.6) / W F (o4 )| du = Z/ F(u+1+h)|du.
Myh
Now
o P 27 Myh
(3.7) /uy F(u+t+h)|du < c2*h) / F(u+ 1+ h)|du
J, 27D prp
<27 F*(t+ h)
and
. P 27 Myh
(3.8) /u "NF(u+t+h)du<c2 ¥ n) / |F(u+t+h)|du
Jy 27 %D agh

< 2"t + h);

(3.3) follows from (3.5) and (3.7), while (3.4) follows similarly from (3.6) and
(3.8). O

To begin the proof of Theorem 1, we write
(3.9) Kg(t+h)- / By(s, t+h)g(s)ds —/ B,(s, t)g(s)ds
=0,(t,h)+0,(t,h)+0,(t, h),

where
(3.10) 0,(t, h) = ——/ B,(s, t)g(s)ds,
|s—t]<100h
(3.11) 0,(t, h) = / B,(s,t+h)g(s)ds,
|s—t|]<100h

(3.12) 0,(t, h) =/I 1|>100h{32(s, t+h)—By(s, 1)}g(s)ds.
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For j =1, 2, 3, we shall estimate

(3.13) // (&, PR dhdt.

We begin with

Lemma 3.2. For every a € (0, 1) and for all p € (1, 0o) there is a constant
c=¢,, such that, for j =1 or?2,

(3.14) / / h T dhdt < ca)p||b||3p||g||£.
Proof of Lemma 3.2. Let y = Xo.1- Then

(3.15) // 16,(t, h)Ph™' " dhdi

// {/ <100h|> 2(85 1)18(s) IdS} W'~ dhdt
<o [t e e

by the Minkowski integral inequality. Moreover,

° (ls=1\,-1-ap ,\'"
(3.16) (/0 X(lOOh B g

e —1—aq I/ —a
=</ h ”dh) —c, ls— 17",
|s—t]/100 ’
so that

(3.17) // (PR P dhdi <c, /{/Az(s,t)|g(s)|ds}pdt
=c, NIC,xgNIE < c, bl |Igll

by the Commutator Theorem, with k = 2.
We turn next to 6,. For £ > 0 and ¢ € R, a change of variables in (3.11)
yields

(3.18) |02(t,h)|5/ By(u+t+h, t+h)|gu+t+h)|du
|lul<101h

2 -1
< ¢ lIbll; u'
|lu|<101h

<, |IblI2h%g" (¢ + h)

glu+t+h)|du

by (3.3) and the fact that the Lip, norm of f is dominated by the BMO norm
of b. Nowlet ¢ = p/(p — 1) be the conjugate exponent to p. By (3.18), we
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have
(3.19)

// WP dhd
<c, bl / JRGE
’ R Jo

x {/ Bz(u+t+h,l+h)|g(u+t+h)|du}h_l_apdhdt
lu|<101h

_ ap||b||2”/"// {/ By(u+tt+h, t+h)|g(u+t+h)|du}
|lu|<101h
x g (t+h"h" " dhdt

2p/q *
[ [ B2 w2008+ wldu )

g 28y
(é _ w)1+a
where, in the last equality, we have made the change of variables & = %(t +h),

= %(t — h) . The rightmost expression in (3.19) equals

(3200 ¢, eI [ [ [ B2z 4w, 2008028+ wilg 20"

dédw

X

|ul

xX(lOl(é—w)
=, 1 [ [ Byg+u, 200002+ wlg” 26"

x {A)&ﬁ)(é —w)_l_adw}dudé.
Now we have

|u| _ —l—a _ © —l—a _ —a
(3.21) /x(—lm(é_w)>@ w Mdw= [T =g lu

so that, by (3.19)-(3.21),

(3.22) / / W dhd

2p/q plq
<, bl /m{/m A28+, 20019028 + )l duf " (2871de

)(é —w) ' *dudE dw

=, MBI [ Cylshez) - 5728 "de

2p/ * D/ 2p P
<c, IBIP NG, ANl I < ¢, lIBI 1Ll

by Holder’s inequality, the Commutator Theorem, and the L”-boundedness of
the Hardy-Littlewood maximal operator. 0O

The estimate for 6, requires a restriction upon the range of p:
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Lemma 3.3. For every o € (0, 1) and for all p € [2, ) the estimate (3.14)
continues to hold with j =3.

Proof of Lemma 3.3. We begin by writing

(3.23) By(s,t+h)—B,(s,t)=0,(s,t+h)+0,(s,t,h),
where

(3.24) (s, t,h)=[ls—t—h" " =15 =17 TS () - St + B)),
(325) ay(s, 1, by =Is =17 "[(f(s) = St +h)* = ((s) = F(O)].

For h >0, |s —t| > 100k, an application of the mean-value theorem yields
(3.26) [oy(s, £, h)| < c hls—t=h[ 7" (f(s) = f(t+h)) < c,|1bl[Thls—t—h|"?

whence

(3.27) / l0,(s, £, h)llg(s)|ds
|s—t|>100h
<c |Ibl hls —t — h|"7|g(s)|ds
|s—t|>100h

<c|Ib|Ih Wlg(u+t+h) du < c||b|*h°g(t + h)
|u|>99h

by (3.4) with y = 1—a. Raising (3.27) to the power p—1 = p/q and combining
this with (3.26) yields

(3.28)

// </|s ,|>100h|01(3,t,h)||g( )Ids> h™' " dhdt
< ap||b||2p/q// {/ls - I(s)_—tf:(;lr;ﬁ))zlg(s)lds}

g (t+h " hdhdt

<c, |b||2"/"// {/ Jt+h+u, t+hu'|g (u+t+h)|du}
P |u|>99h

x g"(t+n)" h dhdt.

As before, the change of variables & = $(¢+h), w = $(¢ - h) transforms this
last expression into

(3.29) cayp||b||f"/"/m/w {/|u|>99<¢— )Bz(2§+u,2§)u_'|g(2§+u)|du}

/
x (é(_zé)p) " d dw

_ 2p/q -1 plq
=, B [ [ By, 27 g2t + " (22)

AL (gt )€ - waw aude
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(compare (3.19), (3.20)). Now we have

(3.30) /_; [1 (%)] (& —w) *dw

4
- / € —w)dw = ¢ |u]"™
E—|ul/99

so that (3.28)—(3.30) imply
(3.31)

0o p
// (/ |al(s,t,h)||g(s)|ds) R dh dt
RJO |s—t|>100h

< Ca,p||b||fp/q/m { /mAZ(K +u, 28)|g(2¢ + u)ldu}g*(Zé)p/"dg

2p 14
<, I gl

just as in (3.22). Note that the derivation of (3.31) did not actually require that
p>2,onlythat p € (1, 00).
Turning to o, , we have

(3.32) a,(s, t, h) = Is =27 TN~ e+ )RS (5) — F(0) + (f(8) = f(t+h))]
so that

(3.33) /Is 1008 0,(s, ¢, h)g(s)ds = 2(f(t) = f(t+ h))Cy 100,8(1)
+(f() = f(t+ )T, 10048(0),

11005 18 the truncation defined by (2.7), and

(3.34) T, 1o0n8(0) = / s — 1] " g(s) ds.
|s—t|>100h

where C

We claim that the nontangential maximal function
(3.35) sup A%|T, 1o0,&(0)] is in L’

[t—ty|<h

with norm bounded by ¢, Ilgl|,. This follows from (3.4) once we observe
that, for |t —¢y| <k,

(336 KT, aong®I S G [ ™ gt 1)l du < c,87(1)

From this, it follows that

(3.37) // £+ )T, oongOFh™ P dhdt

< ca,,,llbllf”/" TIRT, ong(OPdu(e, )
RJIO

where du is the Carleson measure given by (2.5). By Carleson’s theorem (see,
e.g., [T, Chapter 15, Theorem 1.1]), (3.37) is dominated by ca,p||b||f”||g||$.
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Again, the estimate (3.37) is valid for p € (1, o). It is the estimate of the first
part of the right-hand side of (3.33) that imposes the restriction upon p.
We claim that the nontangential maximal function

(3.38) sup |C, o058 ()] i in L’

It“t()'Sh

with norm bounded by ca,p||b|]*||g||p. To see this, observe that, by (2.11)-
(2.12),

(3:39) 1€, uon&0) < [y A5 0= s 1851 ds

+/ A\(s, ty)g(s)ds
|s—t]>100h
a —l—a
<c,|b|l,h ls = 1o " 189 ds +1C; 100n(8)(8)]
ls—t,|>99h
+cllbll, Is — 2| 1g(s)| ds

90h<|s—1,|<100h

whenever [t — )| < h. Applying (3.4), the first and third terms are bounded by
ca||b|]*g*(t0) , while [C,} 14,(8)(f)| is dominated by Cl*g(to). Thus we obtain
(3.38) with the desired estimate by an application of (2.9). From this it follows
that, for p > 2,

(3.40) /m /0 w|2(f(z)— FE+m)C, oong O h™ " dhdt

) © 2
<, MBI [ [71C, o8 o) dute, 1) < <, 112 el

by Carleson’s theorem. The lemma now follows on combining (3.31), (3.32),
the estimate for (3.37), and (3.40). O

Theorem 1 now follows from Lemma 3.2 and Lemma 3.3. We remark
that the proof of Theorem 1 may be extended with minor modifications
to the operator obtained from K_ by replacing the kernel B,(s,?) by
B,(s, t)x(o’oo)(s — t). From this it follows that Theorem 1 holds for the
operator with kernels B, (s, t) X(=co, 0)(s—t) and B,(s, t)sgn(s —t). Moreover,
one can show that the operator obtained by multiplying any of these kernels by
(f(s)= f()*Is—1]™*, k € N, maps L’ to B;’p with constant no worse than

(k+1)c, lIbIEI f||§’;pa , when p > 2. With this in view, consider the modified

single-layer potential operator . , given by

Fg(t) = /m W (s, )g(s)ds.

where

2
(3.41) [/Va(s,t)zls_tla—lexp[_ (f(S)—f(t)) )

|S _ t|2(1
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For p € [2,00), a€(0,1), f € I (BMO), there is a constant ¢ = o
such that

(3.42) 17,8l < cligllys-

To see this, observe that

S

e N RO A0) S
(343) W, (s, 0)8(s)=s 1] g(mg(k“)’ 5 ek 803

thus &~ g(t) differs from a constant times I g(¢) by a convergent series of
operators mapping L? to ng. Since I, maps L? to ng for p > 2 we
obtain the desired estimate. But we can actually do a little better:

Theorem 2. For p€[2, o), a € (0, 1), there is a constant ¢ = Cop such that
4
(3.44) 17,810 < 1+ [1BIIIIgl,

forall f=1(b), b e BMO. Moreover, this result continues to hold when the
kernel of &~ is multiplied by X0,00)(8 — t), X(—oo,0)(S— 1), Or sgn(s—1).

Proof. 7 g(t) differs from a constant times I g() by the operator

(3.45) ZLgt)= / L(s, t)g(t)dt,
where F(5) = £(0)
— s —¢®7 ! _ S8 =JW
L(s,t)=|s—{ {exp[ s ] 1}.

Since, for x € R, 0 < 1—e < |x|, we see that |L(s, t)| < B,(s, t) . Now we
may write . g(t+h) — L g(t) as (0, + 0, + 0,)(¢, h) as in (3.9)-(3.12), with
L in place of B, . In this context, Lemma 3.2 continues to hold. To prove the
analogue of Lemma 3.3, we write, as in (3.23)-(3.25),

(3.46) L(s,t+h)—L(s,t)=0,(s,t, h)+0,(s,1, h),
where
am am — f(t+ h))?
(3.47) a,(s, 1, h) = [Js—1—h|""" ~|s—1| H{exp[—(fii_{fhﬁa» }—1},
e e () —f(t+h))2}
(3.48) o,(s,t, h)=|s—1 {exp [ . h|2"

g - S0}

It is easy to see that ¢, continues to satisfy (3.26), and that
(3.49)

(f(9) = £ (f(s) = fle+h))°

_ _ a—1 _ 1
o,(s, t, h)=|s—1 { T— k +E(s, t, h))

Is —t— h|*
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where E(s,t, h) is an error term which is bounded in absolute value by
I|f ”iip . A straightforward modification of the proof of Lemma 3.3 now yields
(3.44). O

Corollary 3.4. For p € [2, 0), f =1, /z(b), b € BMO, the boundary single-

layer potential operator F° defined by (1.3) maps L into B;‘p, and there is a
constant c, independent of f, g such that

(3.50) 15" 8llge < c,(1+11BIIDIg]l,.

4. FORMAL INVERSION OF THE RIESZ POTENTIAL
In this section we prove

Theorem 3. For every a € (0, 1), p € (1,00), and g € L°(R), there exists
y € L(R) such that K g =1y.

We remark that in the case p = 2, Theorem 3 is immediate from Theorem
1 since B;’z = IQ(LZ). To prove Theorem 3 for general p, we shall construct
a formal inverse D® for I_, and we shall show that the operator DK maps
L? boundedly into L? ; from this we will be able to deduce Theorem 3.

For d >¢ >0 and ¢ € ., define

Dl 00 = [ (@e+h) - glo)lhl” " dh,
( 4. l) e:|h|<6 .
D°$(t) = lim D[ ;6(0).
d—o0

Straightforward calculation shows that (D%¢)"(¢) = ca|§|“$(é) , so that D“ is
formally inverse to I . Let S = Se, s be the operator DZ‘) sK, , and denote by
S° the principal-value operator D"Ka . We shall show, first of all, that Se’ 5 18
bounded on L? uniformly in ¢ and J, and shall then use this to deduce the
L” boundedness of S°. We remark first of all that it can be shown that S°
need not map L™ boundedly into BMO; a proof of this fact is outlined in §5.
Consequently, the T1 Theorem is not helpful; hence the seemingly primitive
approach taken here.

In a fashion analogous to that in the proof of Theorem 1, we write S as the
sum of five operators S, , S,, S5, S,, S5, where for p € (1, 00) and g € L?,

— _ —l—a
(4.2) S,8(0) -~/8<|hl<5{/15—1|<100|h| B,(s, t)g(s)a's}|h‘ dh,

_ —l—a
(4.3) S,g(t) = ~/s<|h|<(5 { /|s~t|<100|h| By(s, 1, h)g(s)ds}|h| dh,

_ R —l—a_ _ —l-a
(4.4) S3g(t)_1<|h|<6{/b—t|>100|h|[|s t hI |S tl ]

< (f(5) = £t + B8 (s) ds}|hr'“’dh,
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- 3 2
ws) seo=[  A[ 0= fusm)
x |s — z|"“’g(s)ds}|h|““’dh

(f(s) = f(1))
46) S =2
(4.6) Ssg) e<|h|<d {/|s—t|>100|h| s —¢|'* g(s)ds}

x (f(2) = f(e+h)h) ™ " dh

Note that S, g, S,g, S;¢, and S,g are integrals involving 6, , 6,, o, , and the
‘good part’ of o, , respectively, while S;g is an integral involving that part of
o, which was most troublesome in the proof of Lemma 3.3 (cf. (3.10)-(3.12),
(3.23)-(3.25)). Not surprisingly, the L? estimates for S, through S, will be
fairly routine, while the estimate for Sy is more problematic.

For 1 <j<4,let Vj(|g|) denote the integral obtained from § & by replac-
ing the inmost integrand in (4.2)-(4.5) by its absolute value and letting ¢ =0,
0 = oo. Then we have

Lemma 4.1. For every a € (0, 1) and forall p € (1, 00), there is constant c, ’
such that, for 1< j <4, |[V,(1gDll, <c, ,lIbICllgll,-
Proof. Let q be the conjugate exponent to p, and suppose y € L?. Then

(4.7) ‘ /m Vl(lgl)(t)w(z)dz‘
—l-a
: /9“/9*/|s—t|<100|h|B2(S’ Dig@Al — “lw(n)ldsdhdt

Sca/m{/m (5. t>|g<s|ds}|w(t)|dt<c SBEvllligl,

by the Commutator Theorem. Furthermore,
(4.8)
| [ vtebwwiod]

5/// By(u+t+h, t+h)g(u+t+ )~ ") dudtdh
ul<101]A|

//{/ (101||§| |)|W(¢+w)llé—w|"““dw}

X By(28 +u, 28)|g(2& + u)|dudé
<c, [ [ Ae+u, 21202 +uly’ @0 dude <c, b1 lsl)

using the change of variables & = %(I +h), w = 3(t—h) in by now familiar
fashion, together with Lemma 3.1, the Commutator Theorem, and the Hardy-
Littlewood Maximal Theorem (compare (3.18)-(3.21)).
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Likewise, we have

(4.9) ‘ | V3<|g|>(t)w<z>dz]

5%// {/ |“|_132(u+t+h,t+h)lg(u+t+h)|du}
®2 U J |u|>99/h
x |h| "%y (1) dhdt

o Lt o

x |u| "' B,(2¢ + u, 28)|g(2¢ + u)| du dé
<c // JRE +u, 28)y" (28)|8(2¢ + )| du dé

<c, lbICIwlL gl
(compare (3.27)-(3.31)). Finally
(4.10)

‘ [ vtewvoad
S//mz{/1u|>100|h||u|-l—a|g(u+t)|du}B2(l+h’ Dw(t)|dhdt

<c, [ [ e+ 0lg’ @+ ivoldndi <, JBEIvI el

using a simple change of variables and Lemma 3.1. O

For [ < j <5, denote by S? g the principal-value integral obtained by taking
the pointwise limitas ¢ - 0, §d — o0 of S 8- Then we have

Corollary 4.2. Let € (0, 1), pe(l,00), geL? , and 1 <j<4. Then S;)g
exists pointwise almost everywhere and in LP; moreover, there is a constant

¢,., independent of g such that

(4.11) I1S7¢ll, < c, lIbILlIgl,-

Furthermore, if g € L*, then S5 g exists in L*, and (4.11) is satisfied with
Jj=5p=2.

Proof. For 1 < j < 4,|S,g| is dominated pointwise by Vi(lgl). Standard
arguments using the Lebesgue dominated convergence theorem establish the
existence of S?g pointwise a.e. and in L”, with the desired estimate. Since

Theorem 3 is true when p = 2 by Theorem l, we know the existence of Sog
pointwise a.e. and in L* prov1ded g isin L with the des1red estimate.

Since Sg =5"- Z $%, we obtain the L? result for S (in roundabout
fashion). O

j=1%j?
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To complete the proof of Theorem 3, we must obtain (4.1) for j = 5 and
1 < p < oo. To begin, we obtain a weak-type (1, 1) estimate for S; which is
uniform in ¢ and 4.

Lemma 4.3. There is a constant c, independent of ¢ and & such that for every
A >0 and for all geLl,

(4.12) A{x: 1S58(x)] > A} < ¢, Il gll,.

Proof. Using the standard technique of Calderon-Zygmund decomposition into
good and bad functions, and our L’ estimates, it suffices to prove that if # is
an L' furction supported in (-4, 4) with integral zero, then

(4.13) / ISB(1)ldt < c |IbIZNAI,
|¢]>1004
(see [St] or [T]). We begin by writing S;8 = N, + N, B, where for j =1, 2,

(4.14) Np(1)=2 A(t, E+R)C, oo B dh

sj<|h|<¢5]
=2 Al(t,t+h)/ A\(s, 1)B(s)dsdh
e,<lh|<d, |s—t]>100]4|
with

¢, =min{e, 4/2}, ¢, = max{e, 4/2},
6, =min{d, 4/2}, d, = max{d, 4/2}
(cf. (2.7), (2.10), (4.6)). It is easy to see that N, = O unless ¢, = ¢ and
N, =0 unless d, = J. Moreover for [7| > 1004, C1,100|h|ﬂ(t) is nonzero only
if |A| < (A + |t])/100.
With all this in mind, we estimate N,f(¢). Let X = {h: ¢, <|h| < J,} and

let
F - A+t A+t Fo— A=t =i+t
3T 100 ° 100 )’ 4 100 > 100 /-

We write N,B(t) = N,B(t) + N,B(t), where N,B(t) (resp. N,B(t)) is that
piece of N,f(t) arising from integration with respect to & cver X N F; (resp.
X NF,). Now, for || > 1004, we have

(4.15) / |4,(s, 0B(s)] ds < c JIBILIAT BN, for he FynX
|s—1]>100}A|
using the standard estimate (2.11) for 4, . A second application of (2.11) yields

(4.16) N,B(0)] < e, 161111, / (k| 2dh.

FnX

Now, for h € F;n X, |t| > 1004, we have c|¢| > (A+[¢][)/100 > |h| ; moreover,
|F;nX| < cA. Thus

2 -2
(4.17) INB(O] < c, lIBILIBIL Al =, [¢] > 1004.
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Integrating (4.17), we have

-2
t dt
<|7|) &< IBIIAN,-

Turning to N, , we observe first of all that 4 € F, if and only if 100]A|+4 <
|t]; hence whenever A € F,NX and |s| <A, we have |s—1t| > |t]—|s| > 100]A|.
Consequently, since [ f =0, we obtain

2
(4.18) /| o VB < B /

|¢]>1004

(4.19)  N,B(t) =2 Al(t,t+h)/ [4,(s, t) — 4,(0, 1))B(s)ds dh.

F,nX Is|<A
By (2.11) and (2.12), we have, for |¢| > 1004,

@20) NSO < b [ [ s gl dsdn
F,nX <A

|s

2 a,—1-a -1
<clBIENAN A [ ™
A/2<|h|<]t]/100

[e7 —l—a t
= 1121 n (3)-

Thus
(4.21)

). I+a t
[ wsanarscoiign, [ (&) w(Y)ar=coitusi,
[2]>1004 lj>1004 \ 2| A

Combining (4.18) and (4.21), we obtain (4.13) with N, in place of S;.
Next we consider N,f. If |s| <4, |t > 1004, and |h| <, < 1/2, then we
have |s —¢| > |t| — |s| > 994 > 100|4|. Thus by (4.14), we actually have

(4.22) N,B(1) = 2C1/3(t)/

ej<|h|<6/

A,(t, 1+ h)dh = =2C,B()(C,,, 5 D),

where C,.,  denotes the doubly-truncated version of the commutator C, .
3€j59;
Since [ B =0, we have

(4.23) C,B(t) = /IM[Al(s, 1) — 4,(0, 1)]B(s)ds.

Moreover, for |s| <A and |¢| > 1004, (2.12) yields

AC!
(4.24) |4;(s, t) —A4,(0, 0)] < CaHbH*m—lg;
so that
Aa
(4.25) |C,B(1)] < cailbll*llﬂllllt‘m for |¢| > 1004.

For ease of notation, let us write T = C,., s1;since C, is a Calderén-
L R |

Zygmund operator, T" is in BMO with ||T*||, < c,||b]|,. Let T/, denote the
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mean of T* on (=4, 4). Then, letting X = {h: ¢, <|h| < d,}, we have
(4. 26)

Tal 2,1|/{/[ (z+h) = f(0) + (/(0) - f(f))]dt}[hl_'_“dh’
/X{ffh(f(t) f(0 ))dt+/_i (f(t)—f(O))dt}|h|_‘_“dh)

A+h

T2
1

C bl IR "2 dh = c,|1b]],.

= 22 J <
Then, by (4.25) and (4.26),
(4.27) / IN,B(1)]dt <2 IC, BT (1) - T dt
|¢]>1004 |¢/>1004
+2 T, HC B(1)|dt
|£]>1004

Aa
< callbll*llﬂll,{ [ - T
|£]>100A t|

la
+ ||b|l*/ Warz}.
|t]>1004 |¢|

By a theorem of C. Fefferman (see [Str, Lemma 2.2] for a proof), the first term
in the curly brackets is less than or equal to ||Tl||* , which is in turn less than or
equal to c,||b]], ; the second term in curly brackets is exactly equal to c_||b]], .
Thus (4.27) yields (4.13) with N, in place of S;. This completes the proof of
(4.13). O

By standard arguments, Corollary 4.2 and Lemma 4.3 show that S, is of
strong-type (2, 2) and of weak-type (1, 1), so that by interpolation, S? is of
strong-type (p, p) for 1 < p < 2. To obtain results for p > 2, it is natural
to try to prove a weak-type (1, 1) result for the adjoint S‘?. Unfortunately, a
straightforward adaptation of the proof of Lemma 4. .3 fails for the adjoint—as,
indeed, it should! For, if we could prove (4.13) for S we would easily be able
to extend this result to a proof that S maps H' atoms into L' , and hence
that Sg maps L™ to BMO. But this last statement is false, since S? is the
“bad part” of s° , and S° need not map L™ to BMO. Thus we proceed along
a more circuitous route.

We introduce some additional notation. Up until now we have suppressed the
dependence of S upon & and J ; hereafter we emphasize it by writing S;,a
When 6 = co the operator will be denoted by S; . The maximal operator S;
is defined for g € L'nL? and re M by

(4.28) S;g(t) = sup|S; g(1)].
>0

We write Mg in place of g" to denote the Hardy-Littlewood maximal function
of g; Mzg denotes M(Mg).




REGULARITY PROPERTIES 833
We begin our journey with

Lemma 4.4. There is a constant c, > 0 such that for all 2 >0 and for all t, t,
with |t —1,| < 4,

429)  ISPg(1) - SPg(1p)l < c lIBII {11l M g(215) + Co g(t)}

whenever g € L'nL?.
Proof. By (4.6),

(4.30)
1
5155 6(0) - 57 g (1)1
= /2/1 |hI[C1,100|h|g(t)A,(t, t+h) = C oo &(to) Ay (ty o + ) dh
<

- ¢ n-¢ t)}A, (2, t + h)dh
/2/1<|h|{ 11001018 (0) = € 100 8 ({0} 4, ( )

+/ C room 84, (1, 1+ h) — A, (1y, t, + h)} dh.
24<|h|

For |t —t,| <A and 24 < |h], clearly

(4.31) |4,(t, t+h) = A,(ty, ty + h)|
<A@ = ft)] + £+ h) = f(tg + )
<c,lblL 1A~ "

so that

432) [ G ann 8L (6 4 h) = Ayt o+ W dh < 161800
<

Moreover,
(4.33) C 10080 = Cy 1008 (2p)
-/ ()62 ) = Ay(s, o)) ds + [ A,(s. tp)g(s)ds
Is—1]>100]A] >

where, for |t -] <4,

(4.34) F = {s: |s —t] < 100[h| < |s — t,]}
~ { (t, + 100JA, t + 100fh]), >,
~ L (t-1000A], £, - 100lh]),  t<t,

Consequently

1 -1
@39) [ 1465, 0)lg0)lds < e lblllt =tz [ 15wl (sl ds

< c |1l Ak~ Mg(t, + sen(t — t,) - 100]A]).
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Thus by Lemma 3.1 and (2.11),
(4.36) / 14, (¢, t+h|/ 14,5, 1)l1g(5)|ds
2<|h|
<c bl x/ “2(Mg(1, — 100[h]) + Mg(t, + 100[h])]dh

<c,lIbllM’g to)-
Now, for |s —¢| > 100}A|, |t — t,| < 4, and 24 < |h|, (2.12) yields

(4.37) |A1(s, t)—A (s, to)| c l|b|| 2 |s~t0| ~l-e
so that
(4.38) / 4,(5, 1) A, (5. 1,)l|g(5)] ds
|s—|>100|A]|
<c,|lb|l, A" Is — 1,17 %18 (s)| ds
Is—to1>991h]

< c |1bl|, A% R M g(ty)
and

(4.39) / |[4,(¢, t + h)| |[4,(s, t) = A,(s, ty)l|g(s)| dsdh
24<|h] |s—t|>100]A]

2,a —1-a 2,2
< c I Mgty [ 1A < c IBIEM 8 )
24<|h|
using (2.11) and the fact that Mg < M 2 g pointwise. Combining (4.30), (4.32),
(4.33), (4.36), and (4.39) yields (4.29). O
We shall also require the following result, a bit of a potpourri:

Lemma4.5. Let A>0, let g € L'NL?, suppose to €R, and write g = g, +&,,
where g, is the restriction of g to [t, — 8004, t, + 8004]. Then

(4.40) —182 %, (1) = C,8,(1)(Cy g () for |t — 1y < A;
(441)  |C,g,(t) — C,8,(ty) < c lIbll,Mg(ty) for |t —ty] < A;
(4.42) IC,&,(t,)| < Cg(ty);

ty+A
(4.43) / 1(Co D0l de < Ae bl

-
Proof. We obtain (4.40) and (4.43) for essentially the same reasons as (4.22)
and (4.26) in the proof of Lemma 4.3. The estimate (4.42) is obvious, while
(4.41) follows easily from the standard estimate (2.12) for 4,. 0O

Next, we combine Lemmas 4.4 and 4.5 to prove the following result, based
on an idea of Cotlar (cf. [T, pp. 291-293]):
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Lemma 4.6. There is a constant ¢ = c, such that for all g € L'nL? and for all
ty ER,

(4.44)  STg(1) < c{IM(ISegl"*) 1)) + 11BILL(C; 8)(20) + 1BIZ (M g)(1y)}-

Proof. The proof is by contradiction: we assume that for each positive constant
¢, there is a function g € L'NnL? and a point {;, € R such that (4.44) fails.
The idea is to choose ¢ so large that we obtain an absurdity. We know that
there is a positive A for which

22 *
(4.45) 1S5 8(t))] > $S52(t) = p,
so that we have for ¢ > 20,

(4.46)  Cyalty) + 1Bl M g(ty) <

p 12 p
CHbH*’ |Ssg| )(¢ )] <55 20"

The second inequality in (4.46) forces the existence of a subinterval F of (,—

4, ty + 4) which contains f, such that |F| > 1/4 and |S2g(t)| < p/10 for
all t € F. From this fact, together with Lemma 4.4 and the first inequality in
(4.46), we deduce that

02/1

(4.47) -S;g(t)2p/2, teF.

Now let ¢ = g, + g, as in Lemma 4.5. By (4.47), there is a measurable set
F, C F such that |F;| > /8 and such that either (A) —Sg’ﬂgl(t) > p/4 for
all teF,,or (B)-Sy* g (t)>p/4 forall teF,.

In case (A), Lemma 4.3 and the first inequality in (4.46) yield

(4.48)  A/8<|F|<cIlbllllg,ll,p" < 1600c,4p™" Mg(tp)lIbII’ < 2/8,
for ¢ large enough, a contradiction. In case (B), (4.40) of Lemma 4.5 yields
(4.49) 1C1&,()(Cy.o. D@ 2 p/2, teF,.

However, (4.41) and (4.42) of Lemma 4.5 show that, for |t — | <4,

(4.50)  [c,lIbll.Mg(ty) + C; 8(tIC, 0 5, 1(D] 2 C,85(1)(Cy g 1) 1(1).
Combining (4.46), (4.49), and (4.50), we have

(4.51) epICy.o 1 (01> pelbll,.  teF,,
so that
%+i
(4.52) acllbll,/(8c,) < / € u0ldr,
lo—

contradicting (4.43) of Lemma 4.5, for ¢ large. In both cases we obtain a
contradiction, so the result is true. O

We use Lemma 4.6 to prove a good A-inequality:
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Lemma 4.7. For every p > 0 there is a constant ¢ > = such that, for all
A >0 and for all geLlan,
(4.53) |{S58 > 24}| < pl{S58 > A}
+2{1BI2M g > ¢, 2} + 21{IIbII,C g > ¢ A}
Proof. Let E = E, , denote the set {|[b||2M’g > c,A} U{|[b||,C}g > c,A}.

For the moment we allow ¢ , to vary, but later we will fix it at a value satisfying

several conditions. Since . = {S; g > A} is an open set of finite Lebesgue
measure, it admits a Whitney decomposition, i.e., there is a family {7 I JEN}
of closed intervals having pairwise disjoint interiors such that ] is equal to the
union of the /;’s and such that |/,| ~ dist(/;, &) with constants independent
of j (cf. [St] or [T]). Let g, = % a0 be the set of all j for which I ¢ E, ,
and let o, be the complement of ¢, in the positive integers. Now

Ui

J€Eo,

(4.54) <|E],

while for each j € g,, there exists £, € [ ; with ¢, ¢ E,, ie,
2 *
(4.55) 161l M g(2y) + C, &(2g) < 2¢,A/11bII,.

Suppose j € o, and write Ij =I1=[t,-7,t,+7]. Since |I| ~ dist(/, S’f),
there exists ¢, € 5’f with, say, |t, —¢,| < 20y ; hence S; g(t;) < A. Now, if
€ > 100y, t €I, and ¢, € I satisfies (4.55), then we deduce exactly as in the
proof of Lemma 4.4 that

(4.56) 1S22() = Ssg(1))| < ¢, 1Bl {11bll. M’ &(ty) + C; g(tg)} < 2¢,(c,A) < 4/4

if ¢, is chosen small enough.

Now, let t € IN%,, and write g = g, + g,, where g, is the restriction of
g to [t,— 800y, t,+ 800y]=800/. We claim that either (A) S;g,(t) > /4,
or (B) there exists 7 = n(t) € (0, 100y) with [S7°'% g,(#)| > 4/4. For, if (A)
does not hold, then S;g2(t) > 71/4, so there exists n = n(t) € (0, 100y) with
1S3 8,(t)| > 7A/4; then by (4.56)

(4.57) ST 1% g ()] > |57 g, (1)] — 1S3 g (1) — S5

—18: g (1) - 1S; " g, (1)]
>TA/4— 24— A—2)4=]/4

g(t))

We begin by considering case (A). Now, either ¢ € E, , or else, as in (4.55),

(4.58) |1l M g,(1) + C; g,(1) < 2(1bII, Mg (1) + C; g(1)) < 4c,2/|1bl,
so that, by (4.44) applied to g,

(4.59) /4 < S5,(t) < c[M(1S5g,'") (O] + 4c .
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If <, is small enough, we have, for ¢ ¢ F,,
(4.60) /8 < c[M(ISeg, ") 0)T.

By Lemma 4.3, (4.12), with S? in place of S, we deduce that |S‘5)gl ' is in
weak-L* , and in turn (by the usual covering argument) that M (|S? g |1/ 2)
weak-L* with

0 2 -2 2
(4.61) {M(1S58,1"%) > e} < e%c |1bl12|lgll,
for every ¢ > 0. Thus, in particular, by (4.61) and (4.55),
(4.62) {IM (S22, ") (0T > 4/8¢c}| < 8, |b] llg,Il, A"
< (1600)(8cc, [1b]12M g, (t5)7A™") < (3200)(8cc,c,)y < 7p/2

is in

provided ¢ » is chosen small enough. Thus, in case (A), we obtain

(4.63) {S58,(1) > 2/4} N E;| < yp/2.
Turning now to case (B), we note first that, as in Lemma 4.5, (4.40),
, 100
(4.64) ST '™ gy(t) = €, (1)(Cy.y 100, 1)(D)-

As in the proof of (4.50), we see that (arguing as in (4.41) and (4.42) of Lemma
4.5)since tel,

(4.65) [ lIBll, Mg(ty) + C; 8UIC, ., 100, (D] 2 157" ,(1)] > 4/4;
so0, by (4.55),
(4.66) cpcazllCl ;r],lOOyl(t)l > (,1||b||*)/4.

If we let y denote the characteristic function of 100|/| = [£,—100y, t,+1007],
a simple calculation involving the standard estimates for A, gives

(4.67) 1C1.p 100, LD < CLY (D) + ¢, 1B,
~ For ¢, chosen small enough, (4.66) and (4.67) yield
(4.68) c,Cru(t) > |Ibll,c, "

By the Commutator Theorem, Cl* is of strong-type (2, 2), so it is of weak-type
(2, 2), and

(4.69) {CTw () > 1Bl (c,c,) " H < e e llwllz < 7p/2,

provided ¢, is small enough. So, in case (B), we have

(4.70) {1877 g, (D) > 4/4} N E5 01| < 7p/2.
Combining (4.63) and (4.70) yields
(4.71) 1IN, NE;|<yp<|p.
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Thus

(4.72) ULn#nE| <pl U L| <ol
Jj€oa, Jj€a,

so that by (4.54) and (4.72),

(4.73) 17, N E;| < pl S| + |E,|

because .75, C &, . Thus |7,| < p|-F| + 2|E,|, from which (4.53) follows. O

Corollary 4.8. For every p € (1, oc) and forall g€ L'nL*nL”, 1S5 &ll, <

c, 1Bl -
Proof. Let R, p > 0. Then, by (4.53),

2R R
(4.74) 2“’/0 /1”‘1|{S;g>,1}|d,1=/0 APY(STg > 22} da
R 0o
<p [ #7Sse > Mldr+2 [ AT HIBIEM s > ¢ 2 d
0 0

+ 2/ P18, C g > ¢ 4} dA
0

R
<p /0 7S5 > A da+ (e b7l e, )

by the Commutator Theorem and the Hardy-Littlewood Maximal Theorem.
Now take p =27° -! , subtract, and let R — oo to obtain the result. O

Standard arguments involving the Dominated Convergence Theorem together
with Corollaries 4.2 and 4.8 yield

Corollary4.9. For p € (1, o), DK, is bounded on L* with norm < ca’pllbllf.

Theorem 3 now follows from Corollary 4.9; the function y is given by
¢, D°K_g. As a corollary, we also obtain
Theorem 4. For p € (1,0), a € (0,1), f=1/(b), b € BMO, and g €
LP(R), there exists a function y € L*(R) such that %, g =1 (7), where %, is
given by (3.41). Moreover, this result continues to hold when the kernel of .~ is
multiplied by X0.00)(8 = t), X(—oo.0)(8 = 1), Or sgn(s —1).
Theorem 5. For p € (1, 0), f =1,,(b), b € BMO, and g € L°(R), there
exists a function y € L (R) such that F° g=1,7). where ° is the bound-
ary single-layer potential operator given by (1.3). Moreover, given y € L”(R),
there exists, for small ||b||,, a g € L*(R) with 5’bg = I]/z(y).

The proof of Theorem 4 is a straightforward modification of the proof of
Theorem 3, where now K_ is replaced by 5’; —c_ I ; the proof proceeds essen-

tially along the same lines as the proof of Theorem 2. For properly chosen c,
we get, using Corollary 4.9,

(4.75) 1) = c,1)8ll, < ¢, (1Bl +11BI).

p — ﬂP
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The last part of Theorem 5 follows from expanding (5’;?)‘l in a Neumann
series and using (4.75). We omit the details. Finally we remark that Theorem
5 is a one-dimensional analogue of Theorem 3.1 in [FR] for domains with time
dependent boundaries.

5. APPENDIX: THE FAILURE OF THE T1 THEOREM FOR D"Ka

In this section we outline a proof of the fact that the operator s0 = D K *
need not map L™ to BMO. We begin by defining the homogeneous Besov space
B:oZ , the space of distributions ¢ € S’ (modulo constants) satisfying

2, —1-2 12
II¢IIB;2=<AIIAh¢|Imh dh) <

where (A,¢)(¢) = ¢(t+h)—¢(t) . The Dini class considered by Lewis and Silver
in their work on the Dirichlet problem for the heat equation is essentially the
subspace of functions in B;g having compact support (see [LeS]). It is easy
to see that B:o2 is properly contained in I (BMO) (see [Str]). We prove the
following result:

Theorem 6. For every 6 € (0, 1/2) there exists a function f € B:oz such that
for all € > 0 there is an interval I with |I| < ¢ satisfying

1 o 1\?
(5.1) m/lm) K 1)(t) — m,(D°K,1)|dt > c <1og III)

Here, m,(¢) = 1k [, ¢

Proof (sketch). It is easy to see that, for fe [l (BMO) ,
(A4, f(1)

5.2 (DK 1)( / / —u_h 7

( ) mz |u|1+a|h|1+a

o [ BLOBMND 4, 4,
.

|u|l+a|h|l+a

For f € B002 , 1t is a straightforward exercise to show that the first term on the
right-hand side of (5.2) is in BMO(fR). It is then not hard to show that the
second term on the right-hand side of (5.2) is equal to

2

(5.3) =2C,(C, 1)(t) +2[(C, D)(n)T"-

Now, let I be any interval on R, and let (C|1), = m,,(C,1). We write

(5.4) Cil=[C1 = (C 1) Ixg +IC 1= (C 1) xn_ay +(C 1), X
=g +8+8&

By the Commutator Theorem, and the fact that C,1 € BMO, we have

1/2
(5.5) [1Calde<inC g1, < e 1,
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while the standard estimates for the kernel A, of C,| and the fact that C Le
BMO show

(5.6) IC,8,(t) — C &ty < ¢, t,t €l
Combining (5.4)-(5.6), we may write
(5.7) Ci(C1)(1) = Cg5(1) + 84,(1) + m(C &)
where m,(|g,]) < cr Now note that
—2C,8,(1) + 2[(C, ()
=2[(C, 1)(1) - (C, 1),]2 +2(C,1),[(C, 1)(1) = (C,1),].

Again, since C;1 € BMO, the first term on the right-hand side of (5.8) is
in LI(I) with norm < cf|1|. Combining (5.2)-(5.3), (5.7)-(5.8), and our
discussion above, we see that, for t € I,

(5.9) (DK, 1)(2) = (1) + 2(C, 1), [(C, 1)(1) = (C,1),]

with [, ¢ — m(8)|dt < c/|1].
Now let # > 1/2 and define

(5.8)

oo

—ka,; — k
(5.10) f(t)=j;’ﬂ(t)=0(t)z2 k ﬂcos(2 t),
k=1
where 6 is infinitely differentiable on R, and 6 =1 on [-7x, 7] with suppf C
[-2n, 27]. By standard techniques for the estimation of lacunary series (cf.
[Z, Chapter II, §4]), we have f € L(R) and

(5.11) 8,501 < clpf*min {1, [log(l,lll)]°ﬂ};
in particular, it is easily seen that f € B ,. Moreover, for |h|, || <1,
(5.12) |AL(M = C 1)(1)] < clh]”, |M(2) - (C 1)) < ¢, 45
where
(5.13) M(t)=i ke =B / cos(2“(t m?za— cos(2"1) d

k=1

cosu — 1
= k cos( 2 f) =/ ———du.
/l Z ‘uOt R |u|l+a

Now let 7 =0, 27! 7], where [ is a large positive integer. Writing

1+4
M0y =p, > kPeos2n),  My(t)= M(t) - M,(1),
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we find, using standard techniques for the estimation of lacunary series,

(5.14(1)) my(M)~1'""%,  m,(M,)=0,
(5.14(ii)) m (M) ~ 1P m ) =0
(5.14(iii)) my (1M, - m (M) < ¢, 417",

where ~ means the two quantities are proportional. By (5.14(ii), (iii)), we have
1 Mt t>c JMFP
(5.15) o [ M = myanide = e, 14,

so that by (5.14(i)),

(5.16) i, (M (I i / \M(2) )ldt> )
Consequently by (5.12), (5.14(i)), and (5.15),

(5.17) |(C11),|m/|(C11)(t)—m,(Cll)[dt
2 [lmy, (M)] - aﬂl[m/w )= m,(M)|dt—c, ;27°

(3/2-28) (3/2-28)
an)ﬂl ZCQ,ﬂ<log|I|> ,

provided f € (1/2, 3/4). As f ranges over this interval, 3/2—2f ranges over
(0, 1/2). Letting 6 = 3/2 — 2 and using (5.9) we conclude that Theorem 6
follows from (5.17). O
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